We uncover that the breaking point of the  -symmetry in optical waveguide arrays has a dramatic impact on light localization induced by the off-diagonal disorder. Specifically, when the gain/loss control parameter approaches a critical value at which  -symmetry breaking occurs, a fast growth of the coupling between neighboring waveguides causes diffraction to dominate to an extent that light localization is strongly suppressed and statistically averaged width of the output pattern substantially increases. Beyond the symmetry-breaking point localization is gradually restored, although in this regime the power of localized modes grows upon propagation. The strength of localization monotonically increases with disorder at both, broken and unbroken  -symmetry.
Introduction
Anderson localization [1] is a universal wave phenomenon that manifests itself in the complete arrest of ballistic expansion of initially localized excitations in a disordered environment [2, 3] . As a pure wave phenomenon based on the interference of waves scattered by a random potential, disorder-induced localization was observed with microwaves [4, 5] , matter [6, 7] and acoustic [8] waves. For optical radiation, it has been studied in strongly scattering materials [9] , shallow lattices [10] [11] [12] [13] [14] [15] [16] [17] , plasmonic arrays [18] , and disordered fibers [19] . In the particularly important case of disordered potentials that are constant along the direction of light propagation, one observes so-called transverse Anderson localization [11] . Shallow optical waveguide arrays provide a unique platform to explore localization of light, because they readily allow the experimental implementation of different types of controllable disorder [13] [14] [15] .
Disorder-induced localization has been mainly studied in conservative systems, as it is usually believed that the onset of localization requires multiple scattering by the real part of the potential. The possibility of disorder-induced localization in non-Hermitian quantum mechanics in the presence of complex gauge field and real random potential [20] and in media with gain and losses [21] was suggested long ago, but did not receive rigorous further consideration. Recent experiments indicate that even periodic transverse modulation of losses (i.e., of the imaginary part of the potential) notably affects the expansion rate of localized excitations [22] . Localization induced by disorder in the imaginary part of the potential was reported in [23] for a tight-binding model.
Complex potentials ( ) x  obeying parity-time  -symmetry, i.e. ( ) ( )    x x   , host properties of both conservative and dissipative systems, which are controlled by the potential parameters [24] . The spectrum of their eigenmodes can remain real (unbroken  -symmetry) if the imaginary part of the potential does not exceed a threshold.
Above threshold, the spectrum becomes complex and the  -symmetry is said to be broken. The relevance of  -symmetry in optics [25, 26] resulted in observation of  -symmetry breaking and related phenomena in various guiding structures [27] [28] [29] . While regular  -symmetric structures are well studied, the impact of disorder on light propagation in such structures is not understood, especially around the  -symmetry breaking threshold. A related question was addressed in [30] where within a tightbinding model for N random  -symmetric impurities (realizing diagonal disorder), it was shown that the symmetry breaking threshold decreases as 2 N  . In [31] it was conjectured that addition of weak diagonal uniform disorder into nonlinear complex twodimensional lattice leads to breakup of the  -symmetry. The same conclusion was drawn for binary disordered arrays [32] . It is also relevant to mention here the results indicating on the existence of localization-delocalization transition reported for Harper (also known as Aubry-Andre) model with a  -symmetric potential [33] , representing an intermediate system between regular periodic and disordered ones.
In this paper we introduce a continuous  -symmetric array with off-diagonal disorder, which consists of waveguides individually respecting  -symmetry. We study disorder-induced light localization under conditions in which the system undergoes  -symmetry breaking. To ensure that the unbroken symmetry is preserved even close to the breaking threshold, we impose specific symmetry requirements also on the refractive index distribution of the disordered arrays. We find that light localization is suppressed at the symmetry-breaking point, and restored in the broken-symmetry regime. All results are obtained in the frames of the Schrödinger equation with complex potential describing propagation of paraxial light beams in the medium with spatially inhomogeneous gain and losses. Both direct propagation and analysis of eigenmodes supported by disordered complex potentials is used to illustrate specific features of Anderson localization in this system.
Theoretical model
We consider propagation of light along the  -axis of a disordered waveguide array created by a simultaneous transverse modulation of the refractive index and the gain/ losses parameter, governed by the Schrödinger equation for the dimensionless field amplitude q :
Here  is the dimensionless transverse coordinate,  and  are normalized to the characteristic transverse scale 0 x and diffraction length
being the wavenumber and n being the background refractive index. The function
p the system exhibits linear gain in domains with i ( ) 0 R   and onephoton absorption in domains with i ( ) 0 R   . The quantity a is the waveguide width; the parameters 2 2 r,i r,i 0 / p n k x n   are proportional to the real r n  and imaginary i n  parts of the refractive index modulation and characterize the waveguide depth and the amplitude of gain/losses. We study off-diagonal disorder with ( ) (1) is known as a "one-dimensional liquid", characterized by randomly distributed equivalent "atoms", and it has received considerable attention in the condensed matter literature (see e.g. [34] [35] [36] ). In particular, it is known that almost all eigenmodes are localized [34] . Calculation of the localization length in such a model can be performed using scattering matrix of the singlewaveguide Schrödinger operator 
, where ( ) k q  stand for  -dependent mode weights. Substituting this expansion into Eq. (1), multiplying by ( ) n w  , and integrating over  one arrives at the discrete equation
where for | | 1 k   the coupling constants are given by , 1
The coefficients 
, and  is a complex conjugation). Therefore the total matrix
  is a sum of an unperturbed real diagonal matrix and a small  -symmetric matrix with off-diagonal elements , 1 n n c   . For an array with a finite number of waveguides, such perturbation does not lead to complex eigenvalues if
In order to calculate localization length within the framework of the tight-binding model (2) one looks for a solution of Eq. (2) in the form
, where n q  are field amplitudes on different sites, that can be found from
This last system was studied in [36] for real finite coupling coefficients , n m c  and it was found that 0   corresponds to a delocalized mode. Since for 0   we have
, the localization length  defined by the limit
should diverge at 0   according to the arguments of [36] based on the central-limit theorem, that are fully applicable in our case. This allows us to predict that at the  -symmetry breaking point for the individual waveguide, i.e. at sb i i p p  , one should observe localization-delocalization transition. Indeed, at the exceptional point
and coupling constant (3) and its perturbation (4) diverge, while the ratio
, one can cast tight-binding model in the form
remain finite in the exceptional point, thereby supporting conclusion about delocalization of modes. Physically this means that drastic increase of the effective coupling between sites stimulates almost unconstrained expansion of excitations, thereby leading to delocalization. At
the  -symmetry of individual waveguides gets broken and , 1 n n c  coefficients become complex, so that one has to resort to numerical integration to study localization dynamics. [15, 16] . Losses were already introduced in such systems using small-scale longitudinal oscillations of waveguide centers [22] . Inhomogeneous gain landscapes can be created in such or similar systems by using inhomogeneous doping with active centers.
Results and discussion
In Figure 1( p  in the broken-symmetry region where i 0 c  . Although in this region the power still grows driven by complex propagation constants b , the rate of growth is identical for all channels, so that if the power
is renormalized at each distance  , one observes a discrete diffraction pattern very similar to that of a conservative array. p p  suggests that Anderson localization induced by the weak off-diagonal disorder may be substantially weakened there. In terms of the mode structure, off-diagonal disorder results in the formation of local defects in the effective refractive index that support localized modes. When the coupling between waveguides grows, the modes broaden to accommodate to the increased strength of the effective diffraction. To study this effect, for each value of i p we generated , to ensure that the expansion of the wavepacket is arrested. We calculated the statistically averaged width p p  the output patterns in each realization of disorder remain spatially localized, i.e. localization still occurs even in the system with broken symmetry, although now it is achieved not exclusively due to guiding defects, but also due to gain and loss. In the model with  -symmetric disorder and in the regime
 , where  -symmetry remains unbroken for a given disorder level d s , the onset of disorder-induced localization can be clearly inferred from statistically averaged output intensity distributions depicted in Fig. 3(a) that have triangular shapes in the logarithmic scale used in the figure. Notice, that averaged output intensity distribution notably broadens when one approaches the symmetry-breaking point. These patterns are qualitatively similar to those encountered in conservative disordered waveguide arrays. It should be stressed that unbroken  -symmetry in absolutely all realizations of disordered array is a necessary condition for observation of averaged output patterns with exponential tails.
To confirm that in the regime with unbroken  -symmetry the width of statistically averaged intensity distribution does not change even on large propagation distances, once steady-state regime is reached, and to show that the results are not affected by the finite-size effects, in Fig. 4(a) are nearly indistinguishable, indicating on the fact that expansion of the wavepacket is completely arrested by disorder [ Fig. 4(b) ]. Moreover, increase of the system size does not lead to any noticeable changes in the averaged patterns, as seen from comparison of solid and dotted curves in Fig. 4(b) .
Somewhat different situation is encountered in the regime with
 -symmetry is broken, even if disorder is symmetric. In this case the power of propagating beam always increases, since it unavoidably excites exponentially growing modes.
Representative dynamics for one disorder realization for this case is illustrated in Figure  2 (d), where we renormalized the power at each distance  for convenience. The mode experiencing the highest net gain eventually dominates over all other modes, but the main outcome of our simulations is that in each particular realization the output pattern remains localized despite overall exponential power growth, as confirmed by Fig. 2(d) .
Because locations of dominant modes with highest gain vary in different realizations, in this regime exponential tails in averaged intensity distributions completely disappear (with the only exception, observed around the point i 35 p  ), even if power is renormalized in each realization. However, because the width w  of the output pattern always remains finite even in this regime, one can still talk about disorder-induced localization and determine the averaged output width depicted in Fig. 1(c) of the disordered arrays. Examples of strongly localized modes associated to the propagation constants b with maximal real part are depicted in Figure 5 . From the entire spectrum of guided modes of the random potential, such modes usually are the narrowest. They typically form in two guides with the minimal separation between their centers, and are characterized by strong internal currents from the domains featuring gain into the domains featuring losses. The internal mode structure is different below and above the symmetry-breaking point, consistent with the growing role that the internal energy flows play in the localization process. If disorder is symmetric, the field modulus distribution of the eigenmodes is symmetric too. The whole array consists of N waveguides, and its highest-order mode with index N exhibits the smallest Reb and is the most extended. At a given disorder level d s , the symmetry-breaking caused by the growth of i p occurs first for such mode around the value sb Fig. 1(c) ]. This further confirms the strong impact of the gain/loss strength on the strength of disorder-induced localization. Fig. 6(b) shows the evolution of the averaged width and gain for modes with m max(Im ) g b  that grow most rapidly, when the symmetry is broken. The averaged width of the most rapidly growing mode (defined for
p , a result that is consistent with Fig. 1(c) . The standard deviations of m g and m b acquire their maximal values very close to the symmetry-breaking points of the corresponding modes [ Fig. 6(c) ]. Finally, the simultaneous localization enhancement for the mentioned modes with increasing disorder is confirmed by Fig. 6(d) .
Conclusions and outlook
In conclusion, we predicted that breakup of  -symmetry in systems with offdiagonal disorder suppresses localization observable when the symmetry is unbroken. The light localization is restored beyond the symmetry-breaking point and becomes stronger again deeply inside the regime of broken symmetry. The implications of this result are potentially far-reaching. From a fundamental standpoint, it shows that the imaginary part of the guiding potential may be responsible for localization-delocalization transition that can now be observed directly due to possibility to tune parameters of the active system in situ. From the point of view of applications, it opens interesting possibilities for controlling light localization and evolution dynamics by manipulating gain and losses landscapes. Similarities of mathematical models utilized in paraxial optics, quantum mechanics, and meanfield theory of Bose-Einstein condensation, as well as already reported realizations of  -symmetric structures utilizing plasmonic waveguides, cavity polaritons, bulk metamaterials and metasurfaces, suggest that the phenomena reported here can be observed in a much wider class of physical systems. In particular, the extension to acoustics and cavity networks is anticipated, since these systems allow introduction of controllable disorder combined with complex potentials.
After submission of this paper we were informed about alternative suggestion for suppression of Anderson localization in the presence of disorder [39] , which is based on the robust one-way transport in non-Hermitian lattices. 
